Investigation of Slopes and Deflections of a Stepped Beam Using a Global Formula for Ey\u27\u27 by Salmon, Raymond
University of Arkansas, Fayetteville
ScholarWorks@UARK
Mechanical Engineering Undergraduate Honors
Theses Mechanical Engineering
5-2012
Investigation of Slopes and Deflections of a
Stepped Beam Using a Global Formula for Ey''
Raymond Salmon
University of Arkansas, Fayetteville
Follow this and additional works at: http://scholarworks.uark.edu/meeguht
This Thesis is brought to you for free and open access by the Mechanical Engineering at ScholarWorks@UARK. It has been accepted for inclusion in
Mechanical Engineering Undergraduate Honors Theses by an authorized administrator of ScholarWorks@UARK. For more information, please
contact scholar@uark.edu.
Recommended Citation
Salmon, Raymond, "Investigation of Slopes and Deflections of a Stepped Beam Using a Global Formula for Ey''" (2012). Mechanical
Engineering Undergraduate Honors Theses. 32.
http://scholarworks.uark.edu/meeguht/32
  
 
Investigation of Slopes and Deflections of a Stepped Beam Using a 
Global Formula for  
 
 
 
 
An Undergraduate Honors College Thesis 
in the 
 
Departmanet of Mechnical Engineering 
College of Engineering 
University of Arkansas 
Fayetteville, AR 
 
by 
 
Raymond Thomas Salmon 
 
 
 
 
 
 
 
 
April 27, 2012  
	   2	  
	   3	  
Table of Contents: 
Abstract ..................................................................................................................................4 
Acknowledgments..................................................................................................................5  
Nomenclature.........................................................................................................................6 
Review of Rudiments of Singularity Function ......................................................................8 
Derivation of the Global Formula..........................................................................................13 
Applications of the Global Formula ......................................................................................16 
Conclusions............................................................................................................................37 
References..............................................................................................................................39  
	   4	  
Abstract 
The purpose of this paper is to investigate the slopes and deflections of a beam with two 
steps (i.e. a beam with a change of cross section) by use of a global formula. In order to 
understand the derivation and use of this formula, a brief review of singularity functions is 
provided. The global formula simplifies the solution method for stepped beams (eliminating the 
need for dividing the beam into segments and solving multiple simultaneous equations). It has 
been found that, when loaded on the first beam segment, the global formula allows for quick 
calculations of slope and deflection of a stepped beam at any location on the beam. For most 
cases, the global formula will yield good approximate solutions for loads applied past the first 
segment. Five sample problems are solved to demonstrate the use of the global formula. 
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Nomenclature 
 L  total length of a beam 
 EI  flexural rigidity of a beam 
 q  loading function for a beam 
 V  shear force function for a beam 
 Va  shear force at left end of a beam (at x = 0) 
 Vb  shear force at right end of a beam (at x = L) 
 M  bending moment function of a beam 
 Ma  bending moment at left end of a beam (at x = 0) 
 Mb  bending moment at right end of a beam (at x = L) 
 w0  beginning intensity of distributed force on a beam at x = xw 
 w1  ending intensity of distributed force on a beam at x = xu 
 m0  intensity of a uniformly distributed moment 
 θa  slope at left end of a beam (at x = 0) 
 θb  slope at right end of a beam (at x = L) 
   slope at position x of a beam 
   second derivative of y with respect to x 
 ya  deflection at left end of a beam (at x = 0) 
 yb  deflection at right end of a beam (at x = L) 
 y  deflection at position x of a beam 
 <...>  brackets enclosing arguments of singularity function 
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In regards to a stepped beam 
 s1  first segment of stepped beam with constant EI1 
 s2  second segment of stepped beam with constant EI2 
 I1  moment of inertia of first segment 
 I2  moment of inertia of second segment  
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Review of Rudiments of Singularity Functions 
A common mechanics of materials problem involves solving for various unknowns (e.g. 
reaction forces, reaction moments, deflections, and slopes) of an elastic beam under various 
kinds of transverse loading [1]. There have been many methods developed to solve these 
problems. Some textbook methods include the method of double integration, the method of 
superposition, the method using moment-area theorems, the method using Castigliano’s theorem, 
the conjugate beam method, and the method of segments [1]. More recently, Dr. I. C. Jong 
developed a method called the method of model formulas. The advantage of this method over the 
previous ones was a great simplification of even complicatedly loaded beams, especially the 
reduction in the number of simultaneous equations needed to solve many beam problems [1]. 
However, an exception to this simplification was in the case of a stepped beam, that is, a beam 
with a change of cross section. As these beams have a change in the moment of inertia, I, it is 
necessary to solve these beams by sections (and use multiple simultaneous equations) even with 
the method of model formulas. Therefore, it would be advantageous to find a global formula that 
could take into account the change in cross section of the beam. This method (like the method of 
model formulas) is derived with use of the singularity functions. Therefore, it is beneficial to 
review this concept.  
Singularity functions are useful in the case of many beams where there is discontinuity in 
the loading of the beam [3]. These functions take into account the starting and ending positions 
of concentrated loads, concentrated moments, distributed loads, and distributed moments across 
the beam. Before getting into the actual functions, it would be beneficial to review the sign 
conventions for beams. Consider the free-body diagram of beam ab shown in Figure 1.  
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Figure 1. Free-body diagram of beam ab with positive directions of associated moments 
and forces [5] 
As shown in this figure: 
• A shear force is considered positive when: 
o The force is directed upwards on the left end of the beam (e.g. Va). 
o The force is directed downwards at the right end of the beam (e.g. Vb). 
• Both concentrated forces and distributed forces between a and b are considered positive 
when directed downwards (e.g. P).  
• A moment is considered positive when 
o At the ends of the beam it causes the top fiber to be in compression (e.g. Ma); 
o Between a and b when it causes the section immediately to the right of the beam 
to be in compression (e.g. K) (this also applies for distributed moments [e.g. m0]). 
[1] 
Figure 2 illustrates the sign conventions for displacement and slope of a beam.  
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Figure 2. Positive directions of slopes and deflections for beam ab [5] 
 
As shown in Figure 2, the slope is considered positive when causing a counterclockwise rotation. 
A displacement is considered positive when causing an upward linear displacement [1]. 
 The singularity functions are shown below. Note the difference in the types of brackets. 
Angle brackets (i.e. < >) are used to denote arguments of a singularity function, while regular 
brackets [i.e. ( )] are used to denote arguments of regular functions [1, 3]. (note: equations are 
excerpted from Dr. Jong’s website [6]) 
 
Because of Equations (2) and (3), we can infer that 
 
(1)	  
(2)	  
(3)	  
(4)	  
(5)	  
(6)	  
(7)	  
(8)	  
(9)	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 Considering beam ab in Figure 1, we use  the singularity functions to write a loading 
function, q: [1] 
q =Va x
−1 +Ma x
−2 − P x − xp
−1
+ K x − xK
−2 −w0 x − xw
0 − w1 −w0uw − xw
x − xw
1  
+w1 x − u w
0 + w1 −w0uw − xw
x − uw
1 +m0 x − xm
−1 −m0 x − um
−1    (10) 
Integrating once, we write the shear force function, V:  [1] 
V =Va x
0 +Ma x
−1 − P x − xp
0
+ K x − xK
−1 −w0 x − xw
1 − w1 −w02 uw − xw( )
x − xw
2
 
 
+w1 x − u w
1 + w1 −w02 uw − xw( )
x − uw
2 +m0 x − xm
0 −m0 x − um
0    (11) 
Integrating for a second time, we write the bending moment function, M:  [1] 
M =Va x
1 +Ma x
0 − P x − xp
1
+ K x − xK
0 − w02 x − xw
2 − w1 −w06 uw − xw( )
x − xw
3
 
+ w12 x − u w
2 + w1 −w06 uw − xw( )
x − uw
3 +m0 x − xm
1 −m0 x − um
1    (12) 
Now let EI be the flexural rigidity of the beam under consideration (beam ab). Also, let y be the 
deflection,  be the slope, and second derivative of the deflection, y, with respect to the 
longitudinal location along the beam (i.e. x). Thus the bending moment of the beam can be 
related to the flexural rigidity EI and :  [1] 
EI ′′y = M       (13) 
It is from these relations that the method of model formulas is derived. As a benefit to the reader, 
the method of model formulas equations are listed below (excerpt from Dr. Jong’s website [5]). 
Note the sign conventions for the forces, moments, slopes, and deflections are as discussed 
earlier in this section. 
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Figure 3. Excerpt from the method of model formulas by Dr. I. C. Jong [5]. Note: As shown, 
when these equations are referenced in the Applications of the Global Formula section, they will 
be preceded by “M” to distinguish them from other equations [e.g. Equation (M3)]. 
 
(M3)	  
(M2)	  
(M4)	  
(M1)	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Derivation of the Global Formula 
 
Figure 4. Beam with two steps 
 
 
 
 
Figure 5. Graph showing M/I for the stepped beam 
 
 
	   14	  
 In order to develop a global formula for a stepped beam, Figure 4 shows a simple case of 
a beam with two steps. Recall Equations (13). If we assume there is a load applied to beam ac, 
Figure 5 shows the moment, M, of this beam plotted (on the ordinate) against the position along 
the beam (on the abscissa) (i.e. the green line). In order to take into account the moment of 
inertia of the beam, the graph of M is modified by dividing by the moment of inertia I1 of the 
first segment of the beam ac. As observed, the graph will drop a constant amount (i.e. the red 
line). Thus, Equation (14) may be modified to account for this situation: 
 E ′′y = MxI1
      (14) 
 As shown in Figure 5, the curve of M/I1 is smooth until the cross section change; here, 
because of the change in moment of inertia (i.e. from I1 to I2), there is a drop (if we assume that 
I2 is greater than I1) corresponding to MB divided by the new moment of inertia (i.e. I2). This 
change is represented by the constant correction factor, ∆B. A singularity function argument may 
be used to ensure ∆B occurs only at point B and onwards (this is represented on Figure 5 by the 
yellow line). Note that the singularity function is raised to the 0th power because ∆B is a constant 
correction factor. Thus Equation (14) may be modified to 
E ′′y = MxI1
+ΔB x − s1
0
    (15) 
∆B may be represented by final value (i.e. MB/I2) minus initial value (i.e. MB/I1).  
 ΔB =
MB
I2
− MBI1
     (16) 
or 
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 ΔB = −
I2 − I1
I1I2
MB      (17) 
Thus Equation 15 becomes 
  
E ′′y = MxI1
− I2 − I1I1I2
MB x − s1
0⎡
⎣
⎢
⎤
⎦
⎥
    (18) 
As shown in Figure 5, this correction factor will affect the value of M/I2 from point B 
onwards. However, in addition to the constant correction factor, ∆B, a linear correction factor is 
needed as well to ensure that the value at point C is indeed MC/I2. Recall that the slope of a line is 
“rise over run.” The “run” is easily observed to be s2. The “rise” is represented by δC. Again 
singularity function arguments can be utilized to ensure that this linear correction factor occurs 
only from point B onwards (this argument is raised to the 1st power because it is a linear 
correction). Thus, Equation (18) becomes 
 
E ′′y = MxI1
− I2 − I1I1I2
MB x − s1
0 + δCs2
x − s 1⎡
⎣
⎢
⎤
⎦
⎥
   (19) 
By observing Figure 3, we see that δC can be represented as
 
 δC =
MC
I2
− MCI1
− ΔB      (20) 
or 
 δC = −
I2 − I1
I1I2
⎛
⎝⎜
⎞
⎠⎟
⋅ MC −MB( )     (21) 
 
	   16	  
Therefore Equation (19) becomes 
  
E ′′y = MxI1
− I2 − I1I1I2
⋅MB x − s1
0 + I2 − I1I1I2
⋅MC −MBs2
x − s 1⎡
⎣
⎢
⎤
⎦
⎥
 (22)
 
Note that on Figure 5, the final curve of M/I (taking into account the correction factors 
discussed) is represented by the black line. 
Applications of the Global Formula 
Sample problem 1. 
A stepped beam is shown in Figure 6. The segments AB and BC shown have flexural rigidities of 
EI and 1.5EI, respectively. The beam is acted on by a concentrated force, P, as shown in Figure 
6. Determine the slopes  and  along with the deflections yA and yB.  
 
Figure 6. Stepped beam with one concentrated load on first segment 
Solution. 
• Use of global formula 
Using Equation (10), we write the loading function of the beam 
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q = −P x − a −1  
Integrating once, we get the shear force function 
V = −P x − a 0  
Integrating once more, we get the bending moment 
M = −P x − a 1  
Next the moments at point B and C are calculated using this equation (at x = 2a and x = 4a, 
respectively), we have 
MB = −Pa  and MC = −3Pa  
Using the above moment equation and the values for MB and MC, we write 
E ′′y = −PI x − a
1 − 1.5I − II 1.5I( ) ⋅ −Pa( ) x − 2a
0 + 1.5I − II 1.5I( ) ⋅
−3Pa − −Pa( )
2a x − 2a
1⎡
⎣
⎢
⎤
⎦
⎥  
E ′′y = −PI x − a +
Pa
3I x − 2a
0 + P3I x − 2a
1  
Integrating once, we write 
E ′y = −P2I x − a
2 + Pa3I x − 2a
1 P
6I x − 2a
2 +C1  
Integrating for a last time, we get 
Ey = −P6I x − a
3 + Pa6I x − 2a
2 + P18I x − 2a
3 +C1x +C2  
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The first boundary condition is ′y = 0  when x = 4a . Thus, 
0 = −P2I 4a − a( )
2 + Pa3I 4a − 2a( )
1 + P6I 4a − 2a( )
2 +C1  
We get     
C1 =
19Pa2
6I  
The second boundary condition is y = 0  when x = 4a . Thus, 
0 = −P6I 4a − a( )
3 + Pa6I 4a − 2a( )
2 + P18I 4a − 2a( )
3 + 19Pa
2
6I 4a( ) +C2  
We get     C2 =
−167Pa3
18I  
Now it is possible to solve for all unknowns (i.e. , , yA , and yB) by simply substituting the x 
positions into either the equation for E ′y  or E ′′y . These substitutions yield 
 
θA =
19Pa2
6EI  
θB =
8Pa2
3EI  
yA =
−167Pa3
18EI  
yB =
−28Pa3
9EI  
We report 
θA =
19Pa2
6EI    θB =
8Pa2
3EI  
yA =
167Pa3
18EI ↓    yB =
28Pa3
9EI ↓  
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• Use of method of model formulas (note: equations from the method of model formulas are 
denoted by “M” [e.g. Equation (M3)]) 
Because this beam has different cross sectional areas, it must be cut into two segments. The free-
body diagram is of segment AB in Figure 6.a. 
 
Figure 6.a Free-body diagram of segment AB 
 
Using Equation (M3) from the method of model formulas, we write 
θB = θA −
Pa2
2EI  
Applying Equation (M4) from the method of model formulas, we write 
yB = yA + 2aθA −
Pa3
6EI  
The segment BC is shown in Figure 6.b, where the deflection and slope of the beam at point C 
will be zero. 
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Figure 6.b Diagram of segment BC  
Applying Equation (M3), we write 
0 = θB −
8Pa2
3EI  
From Equation (M4) we can see that 
0 = yB + 2aθB −
20Pa3
9EI  
Solving these four simultaneous equations, we get 
θA =
19Pa2
6EI      
θB =
8Pa2
3EI      
yA =
−167Pa3
18EI   
yB =
−28Pa3
9EI  
We report 
θA =
19Pa2
6EI       
θB =
8Pa2
3EI  
 
yA =
167Pa3
18EI ↓    
yB =
28Pa3
9EI ↓  
 
Assessment of solution: 
For a case with a concentrated force between A and B of a two stepped beam, the global formula 
yields precisely the same results as the method of model formulas.  
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Sample Problem 2. 
A stepped beam is shown in Figure 7. The segments AB and BC have flexural rigidities of EI and 
1.5EI, respectively. The beam is acted on by a distributed load of intensity w. Determine the 
slopes  and  along with the deflections yA and yB.  
 
Figure 7. Stepped beam with distributed load on first segment 
Solution. 
• Use of global formula 
Using Equation (10), we write 
q = −w x − 0 0 +w x − L 0  
Integrating one time, we get 
V = −w x 1 +w x − L 1  
Integrating one last time, we write 
M = −w2 x
2 + w2 x − L
2  
The moments, MB and MC, can be found by using this equation (at x = L and x = 2L, respectively) 
MB =
−wL2
2   and  MC =
−3wL2
2  
Using the above equation for moments and the values of MB and MC, we write 
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E ′′y = −w2I x
2 + w2I x − L
2 − 1.5I − II 1.5I( ) ⋅
−wL2
2
⎛
⎝⎜
⎞
⎠⎟
x − L 0 + 1.5I − II 1.5I( ) ⋅
−3wL2
2 −
−wL2
2
⎛
⎝⎜
⎞
⎠⎟
L ⋅ x − L
1
⎡
⎣
⎢
⎢
⎢
⎢
⎤
⎦
⎥
⎥
⎥
⎥
 
E ′′y = −w2I x
2 + w2I x − L
2 + wL
2
6I x − L
0 + wL3I x − L
1  
By integrating we can find the equation for the slope of the beam 
E ′y = −w6I x
3 + w6I x − L
3 + wL
2
6I x − L
1 + wL6I x − L
2 +C1  
One more integration yields the equation for the deflection of the beam 
Ey = −w24I x
4 + w24I x − L
4 + wL
2
12I x − L
2 + wL18I x − L
3 +C1x +C2  
The first boundary condition is ′y = 0  when x = 2L 
0 = −w6I 2L( )
3 + w6I 2L − L( )
3 + wL
2
6I 2L − L( )
1 + wL6I 2L − L( )
2 +C1  
We get       C1 =
5wL3
6I  
The second boundary condition is y = 0 when x = 2L 
0 = −w24I 2L( )
4 + w24I 2L − L( )
4 + wL
2
12I 2L − L( )
2 + wL18I 2L − L( )
3 + 5wL
3
6I 2L( ) +C2  
We get      C2 =
−85wL4
72I  
Now it is possible to solve for all unknowns (i.e. , , yA , and yB) by simply substituting the x 
positions into either the equation for E ′y  or E ′′y . These substitutions yield  
 
θA =
5wL3
6EI  
θB =
2wL3
3EI  
yA =
−85wL4
72EI  
yB =
−7wL4
18EI  
We report 
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θA =
5wL3
6EI     
θB =
2wL3
3EI  
 
yA =
85wL4
72EI ↓     yB =
7wL4
18EI ↓  
 
 
• Use of method of model formulas 
Because this beam has different cross sectional areas, it must be cut into two segments. The free-
body diagram is of segment AB in Figure 7.a. 
 
Figure 7.a Free-body diagram of section AB 
 
Applying the method of model formulas, we may take Equation (M3) to write 
θB = θA −
wL3
6EI  
Next, taking Equation (M4), we write 
yB = yA +θAL −
wL4
24EI  
The segment BC is shown in Figure 7.b, where the deflection and slope of the beam at point C 
will be zero. 
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Figure 7.b Diagram of section BC  
Using Equation (M3), we write 
0 = θB −
2wL3
3EI  
From Equation (M4) 
0 = yB +θBL −
5wL4
18EI  
Solving the previous four simultaneous equations, we get 
θA =
5wL3
6EI   
θB =
2wL3
3EI   
yA =
−85wL4
72EI   
yB =
−7wL4
18EI  
We report 
θA =
5wL3
6EI     
θB =
2wL3
3EI  
 
yA =
85wL4
72EI ↓     yB =
7wL4
18EI ↓  
Assessment of solution: 
For a case of distributed loads between A and B of a two step beam, the global formula yields the 
same results as the method of model formulas. 
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Sample Problem 3. 
A stepped beam is shown in Figure 8. The segments AB and BC shown have flexural rigidities of 
EI and 1.5 EI, respectively. The beam is acted on by two concentrated forces of equal magnitude, 
P, as shown in Figure 8. Determine the slopes  and  along with the deflections yA and yB.  
 
Figure 8. Stepped beam with concentrated forces at free end and at cross section change 
 
Solution. 
• Use of global formula 
Equation (10) can be used to write the loading function of beam AC 
q = −P x −1 − P x − L −1  
Integration yields the equation for shear force 
V = −P x 0 − P x − L 0  
One more integration produces the equation for the bending moment 
M = −P x 1 − P x − L 1  
Using this equation, we find the moments, MB and MC (at x = L and x = 2L, respectively), to be  
MB = −PL   and  Mc = −3PL  
Using the global formula (22) and these moment values, we write 
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E ′′y = −PI x
1 − PI x − L
1 − 1.5I − II 1.5I( ) ⋅ −PL( ) x − L
0 + 1.5I − II 1.5I( ) ⋅
−3PL − −PL( )
L
⎛
⎝⎜
⎞
⎠⎟
x − L 1⎡
⎣
⎢
⎤
⎦
⎥  
E ′′y = −PI x
1 − PI x − L
1 + PL3I x − L
0 + 2P3I x − L
1  
Integrating this, we find an equation for the slope of the beam 
E ′y = −P2I x
2 − P2I x − L
2 + PL3I x − L
1 + 2P3I x − L
2 +C1  
One more integration provides the equation for the displacement of the beam 
Ey = −P6I x
3 − P6I x − L
3 + PL6I x − L
2 + P9I x − L
3 +C1x +C2  
The first boundary condition is ′y = 0  when x = 2L 
0 = − P2I 2L( )
2 − P2I 2L − L( )
2 + PL3I 2L − L( )
1 + P3I 2L − L( )
2 +C1  
We get     C1 =
11PL2
6I  
The second boundary condition is y = 0 when x = 2L 
0 = −P6I 2L( )
3 − P6I 2L − L( )
3 + PL6I 2L − L( )
2 + P9I 2L − L( )
3 + 11PL
2
6I 2L( ) +C2  
We get      C2 =
−22PL3
9I  
Now it is possible to solve for all unknowns (i.e. , , yA , and yB) by simply substituting the x 
positions into either the equation for E ′y  or E ′′y . These substitutions yield  
θA =
11PL2
6EI   
θB =
4PL2
3EI   
yA =
−22PL3
9EI   
yB =
−7PL3
9EI  
We report 
θA =
11PL2
6EI      
θB =
4PL2
3EI  
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yA =
22PL3
9EI ↓      yB =
7PL3
9EI ↓  
 
 
• Use of method of model formulas 
Because this beam has different cross sectional areas, it must be cut into two segments. The free-
body diagram is of segment AB in Figure 8.a. 
 
Figure 8.a Free-body diagram of segment AB 
Using Equation (M3), we write 
θB = θA −
PL2
2EI  
Next, Equation (M4) yields 
yB = yA + LθA −
PL3
6EI  
The segment BC is shown in Figure 8.b, where the deflection and slope of the beam at point C 
will be zero. 
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Figure 8.b Diagram of section BC  
 
 
Once again, using Equation (M3), we get 
0 = θB −
4PL2
3EI  
Finally, using Equation (M4), we write 
0 = yB + LθB −
5PL3
9EI  
Solving this set of four simultaneous equations, we find 
θA =
11PL2
6EI   
θB =
4PL2
3EI   
yA =
−22PL3
9EI   
yB =
−7PL3
9EI  
We report
 
θA =
11PL2
6EI     
θB =
4PL2
3EI  
 
yA =
22PL3
9EI ↓     
yB =
7PL3
9EI ↓  
Assessment of solution: 
For a case of concentrated forces at the free end and point of cross sectional change of a two step 
beam, the global formula yields the same results as the method of model formulas. 
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Sample Problem 4. 
A stepped beam is shown in Figure 9. The segments AB and BC shown have flexural rigidities of 
EI and 1.5EI, respectively. The beam is acted on by a distributed load, w. Determine the slopes 
 and  along with the deflections yA and yB. 
 
Figure 9. Stepped beam with distributed load over full length 
Solution. 
• Use of global formula 
Again, Equation (10) can be used to write the loading function, q, of the beam 
q = −w x − 0 0 +w x − 2L 0  
Integration will yield the shear force function 
V = −w x 1 +w x − 2L 1  
One more integration yields the bending moment function 
M = −w2 x
2 + w2 x − 2L
2  
This equation can be used to find MB and MC (at x = L and x = 2L) 
MB =
−wL2
2   and  MC = −2wL
2  
Using the global formula (22) and these values for the bending moment, we write 
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E ′′y = −w2I x
2 + w2I x − 2L
2 − 1.5I − II 1.5I( ) ⋅
−wL2
2
⎛
⎝⎜
⎞
⎠⎟
x − L 0 + 1.5I − II 1.5I( ) ⋅
−2wL2 − −wL
2
2
⎛
⎝⎜
⎞
⎠⎟
L x − L
1
⎡
⎣
⎢
⎢
⎢
⎢
⎤
⎦
⎥
⎥
⎥
⎥
 
E ′′y = −w2I x
2 + w2I x − 2L
2 + wL
2
6I x − L
0 + wL2I x − L
1  
Integration yields the equation for slope of the beam 
E ′y = −w6I x
3 + w6I x − 2L
3 + wL
2
6I x − L
1 + wL4I x − L
2 +C1  
One more integration yields the equation for the deflection of the beam 
Ey = −w24I x
4 + w24I x − 2L
4 + wL
2
12I x − L
2 + wL12I x − L
3 +C1x +C2  
The first boundary condition is ′y = 0  when x = 2L 
0 = −w6I 2L( )
3 + 0 + wL
2
6I 2L − L( )
1 + wL4I 2L − L( )
2 +C1  
We get      C1 =
11wL3
12I  
The second boundary condition is y = 0 when x = 2L 
0 = −w24I 2L( )
4 + 0 + wL
2
12I 2L − L( )
2 + wL12I 2L − L( )
3 + 11wL
3
12I 2L( ) +C2  
We get      
C2 =
−4wL4
3I  
Now it is possible to solve for all unknowns (i.e. , , yA , and yB) by simply substituting the x 
positions into either the equation for E ′y  or E ′′y . These substitutions yield  
θA =
11wL
12EI
3
  
θB =
3wL
4EI
3
     
yA =
−4wL4
3EI   
yB =
−11wL4
24EI  
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We report 
θA =
11wL
12EI
3
    
θB =
3wL
4EI
3
 
yA =
4wL4
3EI ↓     
yB =
11wL4
24EI ↓  
• Use of method of model formulas 
Because this beam has different cross sectional areas, it must be cut into two segments. The free-
body diagram is of segment AB in Figure 9.a. 
 
Figure 9.a Free-body diagram of segment AB 
 
From the method of model formulas, using Equation (M3), we note that 
θB = θA −
wL3
6EI  
From Equation (M4), 
yB = yA +θAL −
wL4
24EI  
The segment BC is shown in Figure 9.b, where the deflection and slope of the beam at point C 
will be zero. 
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Figure 9.b Diagram of section BC  
 
Applying Equation (M3), we get 
0 = θB −
7wL3
9EI  
Equation (M4) shows that 
0 = yB +θBL −
11wL4
36EI  
Solving this set of four simultaneous equations, we get 
θA =
17wL3
18EI   
θB =
7wL3
9EI        
yA =
−11wL4
8EI   
yB =
−17wL4
36EI  
We report
 
θA =
17wL3
18EI     
θB =
7wL3
9EI  
 
yA =
11wL4
8EI ↓     yB =
17wL4
36EI ↓  
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Assessment of solution: 
For a case of distributed load across both segments of a two step beam, the global formula yields 
approximate solutions compared with the method of model formulas. The difference ranges from 
-2.9% to +3.0%. 
Sample Problem 5. 
A stepped beam is shown in Figure 10. The segments AB and BC shown have flexural rigidities 
of EI and 1.5EI, respectively. The beam is acted on by concentrated forces of equal magnitude, 
P, as shown in Figure 10.  Determine the slopes  and  along with the deflections yA and yB.  
 
Figure 10. Two step beam carrying concentrated loads 
 
Solution.  
• Use of global formula 
The first step as usual is to use Equation (10) to determine the loading of the beam 
q = −P x −1 − P x − a −1 − P x − 2a −1 − P x − 3a −1  
Integration yields the shear force function 
V = −P x 0 − P x − a 0 − P x − 2a 0 − P x − 3a 0  
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One more integration yields the bending moment function 
M = −P x 1 − P x − a 1 − P x − 2a 1 − P x − 3a 1  
From this equation, MB and MC, are determined (at x = 2a and x = 4a) 
MB = −3Pa   and  MC = −10Pa  
The global formula (22) combined with the values obtained above yield 
E ′′y = −PI x
1 − PI x − a
1 − PI x − 2a
1 − PI x − 3a
1 − 1.5I − II 1.5I( ) ⋅ −3Pa( ) x − 2a
0 + 1.5I − II 1.5I( ) ⋅
−10Pa − −3Pa( )
2a
⎛
⎝⎜
⎞
⎠⎟
x − 2a 1⎡
⎣
⎢
⎤
⎦
⎥
 
E ′′y = −PI x
1 − PI x − a
1 − PI x − 2a
1 − PI x − 3a
1 + PaI x − 2a
0 + 7P6I x − 2a
1  
Integration yields the equation for slopes of the beam 
E ′y = −P2I x
2 − P2I x − a
2 − P2I x − 2a
2 − P2I x − 3a
2 + PaI x − 2a
1 + 7P12I x − 2a
2 +C1  
Integrating once more, we find the equation for displacement of the beam 
Ey = −P6I x
3 − P6I x − a
3 − P6I x − 2a
3 − P6I x − 3a
3 + Pa2I x − 2a
2 + 7P36I x − 2a
3 +C1x +C2
 
The first boundary condition is ′y = 0  when x = 4a 
0 = −P2I 4a( )
2 − P2I 4a − a( )
2 − P2I 4a − 2a( )
2 − P2I 4a − 3a( )
2 + PaI 4a − 2a( )
1 + 7P12I 4a − 2a( )
2 +C1
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We get      
C1 =
32Pa2
3I  
The second boundary condition is y = 0 when x = 4a 
0 = −P6I 4a( )
3 − P6I 4a − a( )
3 − P6I 4a − 2a( )
3 − P6I 4a − 3a( )
3 + Pa2I 4a − 2a( )
2 + 7P36I 4a − 2a( )
3 + 32Pa
2
3I 4a( ) +C2  
We get      
C2 =
−266Pa3
9I  
It is now possible to solve for all unknowns (i.e. , , yA , and yB) by simply substituting the x 
positions into either the equation for E ′y  or E ′′y . These substitutions yield 
θA =
32Pa2
3EI   
θB =
49Pa2
6EI   
yA =
−266Pa3
9EI   
yB =
−175Pa3
8EI  
We report 
θA =
32Pa2
3EI      
θB =
49Pa2
6EI  
yA =
266Pa3
9EI ↓     yB =
175Pa3
8EI ↓  
• Use of method of model formulas 
Because this beam has different cross sectional areas, it must be cut into two segments. The free-
body diagram is of segment AB in Figure 10.a. 
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Figure 10.a The free-body diagram of segment AB 
 
From the method of model formulas, Equation (M3) yields 
θB = θA −
5Pa2
2EI  
Equation (M4) yields 
yB = yA + 2aθA −
3Pa2
2EI  
The segment BC is shown in Figure 10.b, where the deflection and slope of the beam at point C 
will be zero. 
 
Figure 10.b Diagram of section BC 
From Equation (M3), it is shown that 
0 = θB −
25Pa2
3EI  
Equation (M4) yields 
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0 = yB + 2aθB −
61Pa3
9EI  
By solving the previous four simultaneous equations, we get 
θA =
65Pa2
6EI   
θB =
25Pa2
3EI   
yA =
−541Pa3
18EI  
yB =
−89Pa3
9EI  
We report
 
θA =
65Pa2
6EI      
θB =
25Pa2
3EI  
yA =
541Pa3
18EI ↓     yB =
89Pa3
9EI ↓  
Assessment of solution 
For a case of concentrated forces across both segments of a two step beam, the global formula 
yields approximate solutions compared with the method of model formulas. The difference 
ranges from -1.54% to +1.66% of the exact solutions.  
Conclusions 
Several example problems were solved using first the global formula and then checked 
by the method of model formulas. It was observed that the global formula yielded correct 
answers when any concentrated forces, distributed forces, or concentrated moments were applied 
on the first segment. These results indicates that the linearization in correcting M/I in the second 
segment is a simplified correction on the value of M/I in the formulation for all possible loads on 
the beam. This is seen in the graph as presented in Figure 5. Notice that the drop represented by 
ΔB only comes into effect after the first segment. If no load is applied to the second segment, the 
corrected M/I would be exact because the variation of M/I would truly be linear. 
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The results of this investigation indicate that the global formula is useful method to solve 
some stepped beam problems. The method of model formulas continues to be superior to other 
methods by eliminating the need for multiple equations for uniform [1]. Multiple equations are 
still needed when considering beams with stepped cross sections. Therefore, one of the 
advantages of using the global formulas is that it eliminates the need for solving multiple 
equations to find the deflection and slope of the beam at various points. Another advantage is its 
usefulness in teaching mechanics of materials as well as in making more efficient calculations in 
beam loading problems. As demonstrated, by using the global formula, one only has to find the 
shear and moment applied at ends of each segment of the beam. Imposition of boundary 
conditions is used find the constants of integration. After this is done, the deflections and slopes 
can be found by simply substituting the appropriate x value of the beam into the appropriate 
equation. This is especially advantageous as it allows simple calculations of the deflections or 
slopes of the beam at any specified location (as opposed to other methods, which would require 
finding a new system of equations to solve for slopes and deflections at any new locations).  
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